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Abstract—This paper presents a novel framework for 3-D ob-
ject content-based search and retrieval, appropriate for both par-
tial and global matching applications. The framework is based on
a graph representation of a 3-D object which is enhanced by local
geometric features. The 3-D object is decomposed into meaningful
parts and an attributed graph is constructed based on the connec-
tivity of the parts. Every 3-D part is approximated with a suit-
able superellipsoid and a novel 3-D shape descriptor, called a 3-D
distance field descriptor, is computed and associated to the corre-
sponding graph nodes. The matching process used is based on at-
tributed graph matching algorithm appropriate for this applica-
tion. The proposed method not only provides successful retrieval
results in terms of geometric similarity but also is invariant to rota-
tion, translation and scaling of an object as well as to the different
poses of articulated objects. Finally, it can be effectively used for
partial and global 3-D object retrieval.

Index Terms—3-D shape retrieval, global matching, partial
matching, topological matching.

I. INTRODUCTION

T HREE-DIMENSIONAL (3-D) shape matching has
evolved to a very promising research area during the last

years. At the same time, a variety of emerging applications
(e.g., CAD, games design, computer animations, and molecular
biology) dictates the need for efficient 3-D search and retrieval
tools. Among the several approaches introduced for 3-D shape
matching, the most well-known are based on low-level global
geometrical features, which can be extracted from the global
shape of a 3-D object [1]. Others are mainly based on topolog-
ical features and attempt to produce a skeletal representation
of an object and utilize skeletal graph-matching techniques for
similarity comparisons [1]. In order to exploit benefits from
both aforementioned categories of methods, new approaches
are needed that will rely equally on geometrical and topological
information. Further, a new challenge in this research field is
the partial matching, which is a very important prerequisite in
search and retrieval of 3-D objects acquired from 3-D scenes.
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A. Background and Related Work

1) Geometry-Based Approaches: In the area of 3-D con-
tent-based search and retrieval, a variety of methods have been
proposed so far. These methods are based on global geomet-
rical features of 3-D models, which can be extracted either from
their surface or from their volumetric representation. In [5], a
fast querying-by-3D-model approach, is presented, where the
descriptors are chosen so as to mimic the basic criteria that hu-
mans use for the same purpose. In [6], a 3-D search and retrieval
method based on the generalized radon transform (GRT) is pro-
posed where two forms of the GRT are presented. In [10], an
approach that measures the similarity among 3-D models by vi-
sual similarity is proposed. In [11] and [12], a method where the
descriptor vector is obtained by forming a complex function on
the sphere is presented. Then, spherical harmonics are obtained
which form the rotation invariant descriptor vector.

In [19], the MPEG-7 shape spectrum descriptor is defined as
the histogram of the shape index, calculated over the entire sur-
face of a 3-D object and is invariant under rotation, translation
and scaling. In [18], the Spherical Harmonic Representation is
presented which transforms rotation dependent descriptors into
rotation invariant ones. Novotni and Klein applied and extended
Canterakis’ [13] theoretical framework for 3-D Zernike mo-
ments in [20]. These are computed as a projection of the func-
tion which defines the object onto a set of orthonormal functions
within the unit ball.

2) Topology-Based Approaches: Most of the methods for
3-D content-based search described above have shown remark-
able performance in a broad range of applications. However, the
fact that these techniques are applied to the global shape of a
3-D object makes them inappropriate to be used in the cases
where the articulation transformations of 3-D objects are of cru-
cial importance, or the partial matching is the main objective.
Global shape approaches describe the whole object using a fea-
ture vector. Any articulation change, or a missing part of the ob-
ject, will result in a completely different feature vector, which
cannot be used for 3-D object retrieval. Thus, a part-based rep-
resentation of the object where the feature vectors will be ex-
tracted for each part is needed. Several approaches have been
proposed regarding the decomposition of a 3-D object into a set
of connected segments. Some of them are focusing on finding
special features in triangulated meshes, such as salient points
or curvature information, in order to decompose the mesh into a
set of meaningful parts. Others are based on skeleton extraction,
by appropriately thinning a 3-D object. A brief overview of the
most representative methods is given in the sequel.

In [14] a technique, called Topology Matching, is introduced,
which calculates the similarity between polyhedral models by
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comparing multiresolutional Reeb graphs (MRGs). Based on
the idea of MRG matching [14], Chen et al. [15] propose a 3-D
model retrieval system, where a preprocessing step has been
added before the Reeb Graph extraction in order to accelerate
the graph-matching and retrieval processes. The work in [14]
has been further extended in [16], where the Reeb graph is aug-
mented with geometrical attributes leading to the creation of a
flexible multiresolutional representation, called an augmented
Reeb graph.

In [17], a hierarchical mesh decomposition algorithm is pro-
posed. The algorithm computes a 3-D object mesh decomposi-
tion, which generally refers to segmentation at regions of deep
concavities. In [23], an automated algorithm for decomposing
complex objects is presented, which is based on salient feature
extraction and curvature estimation. For each segment of the ob-
ject, rotation invariant geometrical descriptors are extracted and
used for classification.

Several approaches have been introduced for skeletal graph
extraction and matching. An approach for the search and re-
trieval of engineering objects has been proposed by Iyer and
Lou [2]–[4]. The matching is based on geometrical features
(e.g., moment invariants, principal moments, curve skeletons).
The approach is based on a strict isomorphic graph matching,
which, however, is considered inadequate for general purpose
search systems. Sundar et al. [8] proposed a skeleton-based
approach where the topological information is obtained from
the skeletal graphs and primitive geometrical information is as-
signed to the graph nodes. The curve skeletons proposed in [9]
are utilized for shape matching of 3-D objects in [25], where
a many-to-many matching method based on the Earth Mover’s
Distance is introduced.

In [38], a method which presents some similarities with the
proposed approach has been presented. The 3-D object is seg-
mented based on a medial surface segmentation approach and
described in terms of a direct acyclic graph of the connected
components. The volume ratio of every part is assigned to re-
spective graph node as a geometrical feature. The graphs are
indexed and stored in a database. The matching is based on the
graph spectra.

The complex representation of skeletal graphs used in the
aforementioned methods cannot assign substantial geometric
information to the graph elements. In most cases, a perceptu-
ally meaningful part of the object, that could enclose adequate
geometrical information, is associated with more than one con-
nected graph elements. Thus, the geometrical information asso-
ciated to the graph is rather trivial. In addition, a more efficient
geometric feature should be assigned to each part, which would
provide intuitive shape information of the part, retaining at the
same time the compactness a skeletal graph structure demands.

3) Partial Matching Approaches: Recently, several re-
searchers have investigated approaches for partial shape
matching based on feature correspondences. The general idea
behind the presented methods is to compute local geometrical
descriptors for every object. Then, a cost function is utilized
to define the optimal matches, by minimizing the distances
between corresponding local features.

In [36], 2-D image registration approaches are extended
for 3-D object partial matching applications. For every object,
a set of salient points is selected and local shape descriptors

are computed. The matching process utilizes the nonrigid
thin-plate-spline (TPS) registration to identify potentially ho-
mologous subparts as sets of matching salient point pairs. In
[37], a partial matching approach based on salient geometric
features is presented. A small number of salient geometric
features are extracted and stored using the geometric hashing
approach.

In [35], partial matching is performed using the pri-
ority-driven search approach. Every object is described by a set
of local 3-D geometrical features and the matching attempts to
relate any subset of the query’s local features with any subset
of any object in the database. The process is repeated until all
desired matches have been found.

For the majority of the partial matching approaches presented
so far, unlike the graph based methods, the resulting correspon-
dences are completely independent of the object topology, thus
it is not guaranteed that the retrieved results will be always sim-
ilar to the query.

4) The Proposed Approach: Summarizing, the contribution
of this paper is twofold. Firstly, the proposed method can be ef-
ficiently used for both partial and global 3-D object search and
retrieval. Secondly, a novel combination based on the topolog-
ical features and the highly discriminative geometrical features
of the 3-D object is introduced in order to achieve the latter.
The majority of the relevant methods presented so far were fo-
cusing either on the geometry, or on the topology of the object.
Some recent approaches attempted to combine the geometry
with topology, however some major issues have not been ad-
dressed so far: The combined approaches are based on segmen-
tation process without taking care of the segmentation result.
This can lead to oversegmentation, and thus it is not possible to
assign substantial geometric information to the graph elements.
In the proposed approach, is attempted to manage the problem
by proposing a set of novel rules to avoid oversegmentation. In
addition, the combined approaches presented so far use primi-
tive geometrical features (e.g., volume ratios [38], barycentric
position of the parts etc). In this approach high discriminative
feature vectors are assigned to every graph node in order to
achieve better retrieval results. Finally, the proposed approach
is capable of performing both global and partial matching using
the same graph structure.

More specifically, the topology of a 3-D object is taken into
account by extending a 3-D segmentation method based on the
medial surface [33] in the sense of creating “meaningful” seg-
ments. In general, a meaningful segment represents a compo-
nent that can be perceptually distinguished from the remaining
object [17]. Using the segments’ connectivity a graph is formed,
where every graph node is associated with an object’s segment.
The geometry of the object is then taken into account by in-
troducing a novel highly discriminative method for geometric
feature extraction: Firstly, every segment of the object is ap-
proximated with a superellipsoid and then the novel distance
field descriptor (DFD), is computed for each part. The DFD is
proven to be invariant to translation, rotation and scaling of the
object. Translation and scaling invariance are ensured by the su-
perellipsoid approximation. Rotation invariance is achieved by
the superellipsoid approximation combined with the orientation
invariant property of the DFD.
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Following the aforementioned procedure, an attributed
graph is constructed, where each node is attributed with
the corresponding DFDs and the parameters of the approx-
imated superellipsoid. For similarity detection, an attributed
graph-matching algorithm is then used, which performs both
partial and overall matching at once.

The paper is organized as follows. In Section II, the object
segmentation method is presented while the graph construction
method is analyzed in Section III. In Section IV, the super-
quadric approximation method is presented and in Section V,
the new descriptor is introduced. The matching algorithm is pre-
sented in Section VI and the experimental results in Section VII.
Finally, conclusions are drawn in Section VIII.

II. SEGMENTATION INTO MEANINGFUL PARTS

In this section, a procedure for efficient extraction of mean-
ingful segments from 3-D objects is described. In order to per-
form the object segmentation, the medial surface-based segmen-
tation method of [33] is extended as follows: Firstly, the medial
surface of the object is extracted [29] and segmented [33]. Then,
a segment-readjustment technique is proposed in this paper, in
order to remove noisy surface parts. This procedure results in a
more meaningful medial surface segmentation. Finally, a statis-
tical-based approach is also proposed so as to segment the 3-D
object, by assigning every boundary voxel to a medial surface
segment.

A. Medial Surface Extraction

The medial surface of an object is the 3-D extension of the
medial axis transform (MAT) of an image [30]. MAT has been
introduced for biomedical applications [34] and has been used
for many 2-D and 3-D applications. Despite its popularity, the
numerical computation needed remains non-trivial. Also, many
algorithms are very sensitive to surface noise. The method
implemented in this paper, is the medial surface extraction
proposed in [29] which is fast and robust to surface noise. It
is applicable for objects represented in terms of volumetric
functions, thus, all the objects represented in other forms (e.g.,
3-D meshes) are firstly converted into volumetric functions
according to the following process:

Suppose that is the polygon mesh of a 3-D object. Let
be the size of the smallest cube bounding the mesh. The

bounding cube is partitioned in equal cube shaped voxels
with centers . The size of each voxel is . Let also be
the set of all voxels inside the bounding cube and be
the set of all voxels belonging to the bounding cube and lying
inside . Then, the discrete binary volume function of ,
is defined as [6]

In general, 3-D models have various levels-of-detail, de-
pending on their mesh representation, ranging from a very few
to thousands of vertices and triangles. The number of voxels
is kept constant for all models in order to achieve robustness
with respect to the level-of-detail [28].

The medial surface extraction algorithm utilized in this paper,
based on Hamilton-Jacobbi equations, is presented in [29]. The

Fig. 1. Medial surface parts (a) before the readjustment step and (b) after the
readjustment step.

algorithm is taking advantage of the Hamilton’s canonical equa-
tions to perform a topological thinning. To achieve the latter, the
average outward flux (AOF) of the Euclidean Distance Trans-
form’s gradient field is computed on every voxel. For the
discrete case, the AOF of the voxel is defined as

(1)

where is the number of neighboring voxels, are
the neighboring voxels, and is the outward normal from the
voxel to the voxel .

The value of AOF is approaching a negative value around the
medial surface points and is close to zero elsewhere. Thus, an
appropriate thinning topology preserving approach follows in
order to extract the medial surface, so as to take into account
the values of the AOF on every voxel. During the topology pre-
serving thinning process, all the voxels from the surface of the
object that do not affect the topology of the object and have ap-
propriate AOF value are recursively removed. When none of the
voxels can be removed, the remaining shape is the medial sur-
face of the initial object.

B. Medial Surface Segmentation and Segments Readjustment

In order to perform an initial segmentation of the medial sur-
face, every voxel of the medial surface is classified into one of
the following categories [33]:

• Simple, when the voxel is an end point of a line, or surface
segment or junction.

• Line Voxel, when the voxel belongs to a line segment, but
it is not an end point or junction.

• Surface Voxel, when the voxel belongs to a surface seg-
ment, but it is not an end point or junction.

• Junction, when the voxel is a junction between two lines,
or two segments, or a line and a segment.

The classification process is based on the connectivity of the
neighboring medial surface and background voxels as it is pre-
sented in [33]. Then, the medial surface is firstly segmented on
parts according to the following rules:

• All the neighboring line voxels along with the neighboring
simple voxels form a line segment.

• All the neighboring surface voxels along with the neigh-
boring simple voxels form a surface segment [Fig. 1(a)].

Then, the medial surface segments are readjusted in a way
that the resulting segments correspond to larger but more mean-
ingful parts of the 3-D object. This is achieved by introducing a
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set of simple but effective novel criteria, which can be summa-
rized as follows:

• The Elimination Criterion: Segments whose size is consid-
erably small, when compared with the overall medial sur-
face size, are eliminated.

• The Merging Criterion: All the adjacent line segments that
are connected with nodes are merged into one
segment. The degree of a node is the number of edges inci-
dent to that node. The Merging and Elimination Criterion
result in the elimination of several noisy parts, while the
general topology remains the same.

• The Correction Criterion: This criterion determines a com-
bined elimination-merging action in order to correct spe-
cific parts of the new medial surface. According to the Cor-
rection Criterion, a segment which lies between two branch
nodes and its size is considerably small, when compared to
the overall size, is eliminated and the two branch nodes are
merged into one.

• The Oversegmentation Criterion: This criterion determines
if the object has been oversegmented. If the number of re-
sulted parts is comparable to the number of medial sur-
face voxels, then all the parts are merged in one part. In
case of one segment, the method simply does not use the
topological information and only the geometry is taken into
account.

An example of applying the above criteria is given in
Fig. 1(b). The medial surface is now segmented into more
meaningful parts, when compared to that in Fig. 1(a), while its
topology is preserved.

C. Meaningful Parts Assignment Criterion

After readjusting the medial surface segments, a novel
method for object decomposition is proposed, where each
voxel of the object’s boundary surface is assigned to a segment.

In order to determine the assignment criterion, the following
definitions are necessary:

• is the set of medial surface segments and
is the number of medial surface segments.

• is the set of medial surface
voxels that belong to segment and are the coor-
dinates of the medial surface voxel’s center assigned to
the part. is the number of the medial surface voxels
assigned to the segment.

• is the set of boundary voxels;
are the coordinates of the boundary voxel’s center,

, while is the set of voxels lying inside the
object and is the number of object’s boundary voxels.

• is the Euclidean distance of the th boundary
voxel from the th medial surface voxel of the segment .

• is the minimum
Euclidean distance of the th boundary voxel from the seg-
ment .

• is a subset of , which repre-
sents the set of boundary voxels assigned to segment and

are the coordinates of the boundary voxel’s center
assigned to part. is the number of boundary voxels as-
signed to the part.

Fig. 2. Segmentation.

A boundary voxel is assigned to the segment , i.e., it be-
longs to , if the following criterion is satisfied:

(2)

which means that the voxel is assigned to the closest segment
, in terms of Euclidean distance. However, this simplified ap-

proach may lead to unacceptable results as shown in Fig. 2(b).
By examining the margins of the object’s segments it is obvious
that a meaningful segmentation is not fully achieved. Therefore,
a correction step, based on statistical information, is added so as
the resulted segmentation is more reasonable.

Let be the standard deviation of for all boundary
voxels assigned to the segment . The assignment crite-
rion is now modified as

(3)

where is a weight factor given by the following equation:

(4)

and an appropriately selected factor. In most cases, this ad-
ditional correction step improves the segmentation accuracy, as
shown in Fig. 2(c). The correction step is based on the assump-
tion that the surface of a segment is uniformly distributed around
the medial surface. Some examples of the segmentation process,
following the criteria introduced in this paper, are depicted in
Fig. 2. More specifically, in Fig. 2(a) is depicted the initial me-
dial surface of a 3-D object, while in Fig. 2(b) the resulting seg-
mentation when the simple criterion of (2) is utilized. In 2(c)
the segmentation that results with the usage of the more sophis-
ticated criterion of (3) is shown. From these results it is clear
that the final segmentation of the 3-D object is desirable since it
is segmented into “meaningful” parts.

D. Benefits of Using 3-D Medial Surface

The usage of medial surface instead of medial axis for
segmenting a 3-D object has many advantages since the medial
surface encloses more information about the object instead of
medial axis in sense that:
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Fig. 3. Differences between (a) medial axis and (b) medial surface.

• medial axis based segmentation fails on segmenting 3-D
objects which contain large flat areas (e.g., tables, chairs)
due to ambiguity of medial axis for this kind of 3-D objects
[Fig. 3(a)]. In contrast, the medial surface is a well-defined
transform for all 3-D objects [Fig. 3(b)];

• boundary voxels are more uniformly distributed along the
medial surface than the medial axis; as a result, the cor-
rection step of the medial surface segmentation algorithm
produces more stable results.

III. FROM MEDIAL SURFACE TO GRAPH

The idea introduced in this paper is that an efficient simi-
larity measure for 3-D shape matching should equally rely on
high geometrical and topological information. The topological
information is maintained in the simple medial surface repre-
sentation, which has been obtained during the medial surface
extraction and readjustment procedures. The high geometrical
information is enclosed in the 3-D object’s meaningful parts
which are assigned to each medial surface segment. This
combined information could be uniquely exploited through an
appropriate attributed graph-matching technique. Therefore,
a transformation from the medial surface representation to an
attributed graph is needed.

In a formal way, the graph can be generally represented as
where is the non-empty set

of vertices, is the set of edges, is the adjacency matrix
based on the edge attribute, is the weight vector containing
the weight of all vertices, is the number of edge attributes
and is the number of vertex attributes.[21] In this work, the
edges are undirected and not attributed, thus the graph can be
described as , where is a binary
symmetric adjacency matrix (if the edges are not attributed, it is
assumed that all edges are single attributed with the same value).

The adjacency matrix of the graph is constructed as
follows.

• The matrix is a square matrix, where
is the number of segments.

• If the vertices are connected with the edge
and the direction of the edge is from to , then the
element of is equal to 1. If the edge is undirected,
then .

• If the vertices are not connected, then the ele-
ment of is set to zero.

Based on the above description, the medial surface can be
converted to an undirected vertex-attributed graph, according to
the following mapping definitions.

Fig. 4. Transforming (a) medial surface to (b) graph.

• The segments will constitute the vertices of the graph,
while their connections the edges . The edges are undi-
rected.

• The attributes of each graph vertex will be obtained from
part associated with segment , using the geometrical
descriptors extracted for every meaningful part.

Fig. 4 depicts the resulting graph.

IV. SUPERELLIPSOIDS APPROXIMATION

Every extracted segment of the 3-D object is approximated
by an appropriate superquadric. Superquadrics have been used
in the past to model objects using as input, range images and
depth maps [26]. In general, superquadrics is a family of ana-
lytical surfaces consisting of superellipsoids, superparaboloids,
superhyperboloids, supertoroids, etc. In order to approximate
the shape of a 3-D object, surfaces like superellipsoids, which
are defined by the implicit (5), are of practical interest:

(5)

In this paper, the superellipsoids have been selected as the
most appropriate for describing every segment, because the seg-
ments of the objects are expected to have a shape that can be
approximated with a superellipsoid, without losing significant
shape information.

Function (5) is commonly called inside-outside function, be-
cause for a 3-D point with coordinates

(6)

After the selection of the appropriate superquadric equation
to model the 3-D data, the problem of modeling the 3-D object
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using a superquadric is reduced to the least squares minimiza-
tion of the nonlinear inside-outside function with re-
spect to several shape parameters. In particular

(7)

where are he coordinated of a point in the 3-D space,
are the superquadric shape parameters,

and are the Euler angles and translation vector coeffi-
cients, respectively. The above parameters are determined so as
to minimize the following mean-square error (mse):

(8)

where N is the number of points of the 3-D object.
The 3-D object approximation using superquadrics fits well

with the method presented in this paper. More specifically, after
the 3-D object medial surface extraction and segmentation steps
(Section II), each of the extracted meaningful parts can be
approximated with an appropriate superellipsoid. The superel-
lipsoid has been chosen as the best, among the family of super-
quadrics, in terms of approximation effectiveness.

The well-known Levenberg–Marquardt method [26] for non-
linear least squares minimization has been utilized in order to
evaluate the shape parameters. The main problem of this mini-
mization method is the need for appropriate initial values. Initial
values for shape parameters , translation parameters

and rotation parameters are evaluated from the
segment size, from the mass center of the segment and from the
eigenvectors of segment’s inertia matrix. However, there is no
safe way to initiate the parameters as specific information
about the shape is not known in advance. Thus, a brute-force
search over an appropriate discrete partition of the domain of

is utilized in order to specify a global minimum. Finally,
the parameters and of the
super-ellipsoid which approximates the part are estimated.
From the above set of parameters, the and are
chosen for the 3-D meaningful part approximation, since they
enclose shape information, and will be inserted as attributes to
the graph node . Thus, every graph node has been attributed
with

(9)

An example of super-ellipsoid approximation is given in
Fig. 5.

V. 3-D DISTANCE FIELDS DESCRIPTOR

In this section, a novel 3-D descriptor is introduced. Suppose
that is a 3-D object, and is the equation that
defines an ellipsoid. Then, a descriptor that gives a measure of
the difference between the surface of an ellipsoid and the sur-
face of the object can be defined. This is the 3-D DFD. The DFD

Fig. 5. Super-ellipsoid approximation.

is extra information on the parameters estimated with superel-
lipsoid approximation in order to capture differences between
surfaces of segments with similar superellipsoid parameters.

The function that describes the ellipsoid is

(10)

The object is positioned in the center of the coordinate system
and the ellipsoid is sampled uniformly in of spherical co-
ordinates. For every sample the signed distance be-
tween the surface of the ellipsoid and the surface of the object
at the same is computed and a matrix is formed

(11)

It is assumed that the distance is negative if the surface point
does not lie on the ellipsoid’s interior. Finally, the two dimen-
sional Fourier transform of the matrix is computed and the
absolute values of the first harmonics (which, in general, are
complex numbers) constitute the new 3-D DFD vector .

(12)

(13)

The 3-D DFD is extracted for every segment of the 3-D object
and is followed by a scaling procedure:

(14)

The scaled 3-D DFD of every part enhances the attributes of
the associated graph node. It should be mentioned that there is
no need for further scale, rotation and translation normalization,
because these parameters have already been computed during
the superellipsoid approximation procedure.

The advantages of using the Fourier transform are:
• it is a compact transform, thus the object can be described

with a small number of descriptors;
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• the Euclidean norm of complex Fourier coefficients is in-
variant under 90 degrees rotation around axis or .

Theorem 1: The Euclidean norm of complex Fourier coeffi-
cients of a distance field is invariant under 90 degrees rotation
around axis or .

Proof: Suppose that the matrix consists of the signed
distances between the object’s surface and ellipsoid’s surface
at the same . The space of the spherical coordinates

is uniformly sampled in a way that:
• if is a sample, then the

and must also be samples;
• if is a sample, then the and

must also be samples.
Suppose that are the discrete Fourier transform

coefficients of the matrix . Then, from the Fourier
transform definition

(15)

Suppose that the object is rotated 90 degrees around the
axis. Then, the new distance field matrix is:

(16)

which is a translated version of the initial matrix.
The Fourier coefficients are computed as in (17)

(17)

leading in

(18)

In a similar manner, the theorem can be extended for degree
rotations around axis and . The extension of the above the-
orem for any rotation around the axis is trivial.

Theorem 2: The 3-D DFD of a rotation normalized object is
rotation invariant.

Proof: Suppose that the object is rotation normalized,
either using PCA, or using the parameters estimated during
the superellipsoid approximation process. However, there is
no knowledge concerning the orientation of the three principal
axis, thus there is an ambiguity of 180 rotation around

or axis. Suppose that the 3-D DFD of the is extracted.
Then, according to Theorem 1, the ambiguity is dropped and
the extracted descriptor is fully rotation invariant.

In this paper, during the superellipsoid approximation proce-
dure, the estimated rotation parameters define an orthog-
onal coordinate system with ambiguity on the direction of every
axis, due to the symmetry of the superellipsoid.

VI. MATCHING

The graph, produced from the 3-D object, along with the
super-ellipsoid parameters assigned to each node, form a vertex
attributed graph. In order to align two graphs for matching pur-
poses, an attributed graph-matching technique is applied.

To calculate the similarity between two objects and
described with the undirected vertex-attributed graphs

and
, respec-

tively, the two graphs are aligned based on the successive
projection graph-matching algorithm (SPGM), proposed by
B.J. van Wyk [21], [22]. By utilizing this algorithm, a matrix
is computed, which is a constrained estimation of the permuta-
tion matrix , which transforms to .

According to the SPGM algorithm, the problem of attributed
graph matching is transformed to an optimization problem.
More specific, the matrix is computed by minimizing the
following function:

(19)

where ( denotes the vectorization opera-
tion). is a matrix of compatibility values between edges, is
a vector of compatibility values between vertices, and is the
appropriate identity matrix. The elements of the matrix are
computed using (20) and the elements of the vector are com-
puted using (21)

(20)

(21)

The required constraints are

(22)

The matching process is performed in pairs, in a two-step pro-
cedure. Suppose that the objects and are described with the
undirected edge-attributed graphs and . The SPGM al-
gorithm is applied on the graphs and , assuming that
the graphs are attributed only with the superellipsoid parame-
ters. The result is a probability matrix . Every element

expresses the probability that the segment of the first ob-
ject matches with the segment of the second object. If a pair of
segments (sub-objects) is probably matched, then a dissimilarity
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metric can be computed, exploiting the 3-D DFD, the superel-
lipsoid approximation and the Mahalanobis norm

(23)

where is a constant scaling factor proportional to the voxel
model size and is the number of the DFD’s harmonics used
to describe each part.

To determine the most probable matches, the probability ma-
trix is considered according to the following novel criteria
proposed in this paper.

• If , then the pair is marked as High Probability
Pair

• Otherwise, the probabilities are considered, where
and , as follows:

— If then the pair is
marked as Possible.

— The same procedure is followed for the probabilities
.

— The dissimilarity metric for every pair marked as Pos-
sible is computed and the pair having the minimum dis-
similarity metric is selected.

— If the dissimilarity metric is below a threshold, then the
selected pair is marked as a High Probability Pair. Oth-
erwise, it is marked as a Low Probability pair.

The global metric is then computed using the equation

(24)

where is a weight factor per segment pair proportional to
segment size and is the number of matched pairs of
segments. The has been selected to be proportional to the
segment volume in order to avoid matching of less significant
parts, assuming that the parts with bigger volumes are more
significant.

For the partial matching application only the high probability
pairs are considered, while for the global matching application,
both high and low probability pairs are used. Moreover, for
global matching application, is less strict.

VII. EXPERIMENTAL RESULTS

The proposed method was evaluated using the Princeton
Shape Benchmark (PSB)[27] consisting of 1814 objects, as
dataset and as queries the 30 objects provided by the SHape
REtrieval Contest 2006 (SHREC 2006) [40]. The dataset was
enhanced with objects having missing parts for the needs of the
partial matching evaluation.

The database consists of 3-D models in OFF format. A pre-
processing step for converting the mesh representation into a
volumetric representation was needed in order to compute the
curve skeletons for each model. The 3-D mesh [Fig. 6(a)] is en-
closed in the smallest bounding cube which is then partitioned

Fig. 6. Segmentation results.

in a set of equally cube shaped voxels, using the method pre-
sented in [6]. The resolution of the bounding box was selected
to be 96 96 96 voxels. Then, the medial surface is extracted
and segmented in order to segment the surface of the 3-D ob-
ject according to the method presented in Section II [Fig. 6(b)].
From the connectivity of the medial surface segments a graph
is constructed [Fig. 6(c)] and attributed with the superellipsoid
parameters [Fig. 6(d)] and the 3-D DFD of the associated model
segment.

After the segmentation process, a mathematical description of
each meaningful part is required so as to efficiently and robustly
describe it. The super-quadrics have been chosen because they
can produce a very compact representation of the 3-D segments
(only five parameters are needed). Further, it is clear that the
usage of generic super-quadrics leads in a finer part approxima-
tion when compared to the sphere, or the ellipsoid approxima-
tion. Moreover, in order to extract a detailed and discriminative
descriptor vector for every part, the DFD has been proposed,
which is invariant to 90 degrees rotations. The use of a highly
discriminative vector increases significantly the retrieval accu-
racy, especially in the cases where the segmentation fails and
results in a one-segment object.

From the Fig. 6, it can be easily observed that the superellip-
soid approximation provides an acceptable representation of the
object’s meaningful parts, while the shape information of each
part is significantly reduced to five attributes which are the pa-
rameters of the super-ellipsoid.

A. Complexity and Time Issues

In the sequel the complexity issues concerning significant
parts of the method are discussed.

• The Medial Surface Extraction Process: the complexity of
the medial surface extraction algorithm is [30],
where is the total number of voxels. Thus, for objects
with large volume the required time for medial surface ex-
traction is relatively high.
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• The Levenberg–Marquardt Minimization Method: imple-
mented for the supperellipsoid approximation is not com-
plex, as it has been implemented for close to real time col-
lision detection processes [42]. If the brute-force search of
two parameters ( and ) along with the fact that this
process is performed for every segment are taken into ac-
count, the complexity of approximation is at least ,
where is the number of segments, and are the number
of samples in the fields of and , respectively. However,
the total number of segments, using the rules presented in
Section II, is kept considerably small. Moreover, the do-
main of and is the same and the
number of required parts is small.

• The DFD: the DFD extraction algorithm complexity is
analyzed into two processes: The first one is the field com-
putation with complexity of where and is the
number of samples for the and spherical coordinates.
The second process is the Fourier Transform. In order
to exploit the properties of Fast Fourier Transform with
complexity , a “smart” sampling of and

is performed. As a result, the complexity of
DFD for a single part is .

• The Attributed Graph Matching: According to [22] the
initial SPGM algorithm has worst-case complexity near

, where , is the number of graph nodes
of the two graphs. However, in [21] are also presented
methods that reduce the complexity significantly. More-
over, trivial trade-off tricks between processing time and
memory could be applied in order to reduce further the
complexity. Finally, the resulting graphs are considerably
small and equal to the number of object’s segments.

Many precautions have been considered in the proposed al-
gorithm in order to ensure its robustness.

• Segmentation: The first aspect is the robustness of the seg-
mentation process. In order to avoid oversegmentation, the
novel rules of Section II was proposed and the results prove
the robustness and the effectiveness of the segmentation.

• Superellipsoid Approximation: Another robustness aspect
is identified in the approximation technique implemented
in Section IV. It is well-known that for any optimization
problem, robustness depends on the initial conditions. For
the superellipsoid approximation of every segment, very
good initial values can be computed for the majority of pa-
rameters (e.g., the initial values for size and rotation param-
eters can be easily computed by applying Principal Com-
ponent Analysis). For the shape parameters, , where
no initial estimation could be computed, a robust result
can be derived by performing an exhaustive search of their
domain.

• Attributed Graph Matching: The attributed graph-
matching algorithm implemented is referred to be the
most robust among a number of similar algorithm pre-
sented in [21].

In Table I, the mean times for every part of the proposed
approach are given. The times have been measured using an
Pentium 3.2-GHz PC with 1-GB RAM running Windows XP.

On average, the time needed for the extraction of the at-
tributed graph for one 3-D model is about 90 s, while the time

TABLE I
AVERAGE TIME FOR EVERY PART OF THE METHOD

Fig. 7. Performing partial matching.

needed for the comparison of two graphs is about 0.1 ms. It
should be clearly stated that the extraction process is performed
only once and the resulting graphs can be stored along with
the corresponding 3-D models. Since the time needed for the
comparison of the feature vectors is very short, the proposed
method is very appropriate for use as an efficient tool for
web-based, real-time search, and retrieval applications.

B. Partial Matching

Firstly, the proposed framework was tested for its perfor-
mance in terms of partial matching accuracy.

Fig. 7(a) shows the matching parts indicated with the same
colour between a human with a missing leg and a normal human.
Fig. 7(b) depicts the matching parts between a human body
having only the head and a single arm and a human with a
missing arm, while Fig. 7(c) depicts an animal with a missing
leg and a normal animal. The matching pairs are painted with
the same color, apart from the segments in black, which do not
match.

The value of , required for the matching process, was
selected to be equal to . This choice has been motivated by
the fact that, for partial matching applications, the best matching
parts have to be found, in contrast with global matching appli-
cations where a global dissimilarity metric should be computed.
Thus, the graph nodes should be matched with higher proba-
bility. The weight factors and have been experimen-
tally selected to be and .

As can be seen from Fig. 7(c), the matching is not absolutely
correct, since the legs of the left object do not match with the
corresponding legs of the right object. However, this result can
be easily explained by examining the connectivity graphs of the
objects and the geometrical information of each segment. First
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Fig. 8. Graphs of objects of Fig. 7(c).

Fig. 9. Example queries, for partial matching.

of all, it is obvious that there is no major geometrical differ-
ence between the animal legs. Thus, the variations of the es-
timated superellipsoid parameters and the computed DFD are
small. Furthermore, as it is depicted in Fig. 8, the graphs of the
two objects are isomorphic, and the mutual alternation between
the legs, does not affect the graph topology.

Fig. 9 depicts the retrieved results for example queries, using
the proposed framework for partial matching. The first model
is the query model, while the rest are the first four retrieved re-
sults. The retrieved results prove the effectiveness of the pro-
posed framework in partial matching applications when the ob-
ject has missing parts.

C. Global Matching

The effectiveness of the proposed shape-matching method
was also evaluated in terms of 3-D object retrieval performance.
In this case, each query model of the SHREC 2006 query dataset
was used as a query and the retrieved results were ranked in
terms of similarity to the query. The similarity matching is based
both on topological (medial surface graph correspondence) and
geometrical (superellipsoid parameters and 3-D DFD) criteria.

The retrieval performance was evaluated in terms of the fol-
lowing metrics:

• Average dynamic recall (ADR)[39], which measures how
many of the documents that should have appeared before or
at a given position in the result list actually have appeared.

• First tier (FT) [27], which is the percentage of similar
models that appear within the top K matches, where K is
the number of similar objects in the dataset.

Fig. 10. Normalized cumulative gain diagram comparing the participant
methods of SHREC 2006 with the proposed approach.

• Second tier (ST)[27], which is the percentage of similar
models that appear within the top K matches, where K is
twice the number of similar objects in the dataset.

• Normalized discounted cumulative gain (NDCG) diagram
which depicts the effectiveness of the retrieval approach
during retrieval [40].

The proposed method was compared to the methods that par-
ticipated in the SHREC 2006. The participants were:

• priority driven search (PDS) [35] (Run 3);
• a version of the spherical trace transform (STT) [41];
• the light field similarity for model retrieval (LFS) (Run 2);
• the concrete radialized spherical projection descriptor

(CRSPD);
• the canonical 3-D Hough transform descriptor (C3DHTD);
• 3-D model retrieval using spherical extent functions and

wavelet descriptors (SEFWD) (Run 1);
• enhanced silhouette and depth-buffer based approaches for

3-D shape retrieval (ESD) (Run 1);
• an engineering drawing approach to 3-D shape retrieval

(EDA) (Run 2).
The participants could submit up to five different runs, for a dif-
ferent set of parameters. For the needs of this paper, only the
best set of parameters, based on ADR has been kept. A brief
description of all the above methods can be found in the pro-
ceedings of SHREC 2006 [40].

The value of , required for the matching process, was
selected to be equal to 0.5. This choice has been motivated by
the fact that for global matching approaches, every part of the
object should be matched in order to compute a global metric.
Thus, the graph nodes should be matched even with lower prob-
ability, and the Low Probability pairs are considered during the
dissimilarity calculation. The weight factors and have
been experimentally selected to be and .

Table II presents the comparative results for the Average
Dynamic recall, the First-Tier and the Second Tier, while in
Fig. 10 depicts the retrieval accuracy of the methods in terms of
the Mean NDCG diagram. The results presented below for all
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TABLE II
AVERAGE DYNAMIC RECALL, FIRST TIER AND SECOND TIER

TABLE III
AVERAGE DYNAMIC RECALL FOR CHAIR, AIROPLANE, SEDAN, GUN, AND HAND QUERY

methods (except for the results of the proposed method) have
been derived from the SHREC 2006 proceedings [40].

It is obvious that for global matching applications, the pro-
posed approach is ranked second. However, the method which
was ranked first, utilizes 2-D approaches (as a light-field-based
method) and, thus, is not a pure 3-D method. However, out-
performs all the pure 3-D based approaches, including the pri-
ority-driven search proposed in [35].

In Table III, the proposed approach’s average dynamic recall
values for specific queries are compared to the other SHREC
2006 participants, while in Fig. 11 the retrieved results for the
same queries using the proposed framework, are presented. The
first model is the query model, while the rest are the first four
retrieved results.

Some interesting result are presented in the last three lines
of the retrieved results. When the query is the chair (last line),

Fig. 11. Retrieved results for global matching.

the proposed approach retrieves chairs, however, some of them
could be topologically different. However, their topological
similarity is quite enough to discriminate them from the other
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classes. It should also be clearly stated that there is no method
that perfectly discriminates all the objects of all possible classes
and thus, also the proposed method gives some not perfect re-
sults. When the query is a car, the segmentation into meaningful
parts failed and only geometrical information has been taken
into account, based on the oversegmentation criterion presented
in Section II. Thus, the results are not the best (although the
last two objects are vehicles and belong to the same superclass
with the query, they belong to a different subclass). However,
the geometric similarity of the results compared to the query is
obvious.

From the aforementioned results it becomes clear that the pro-
posed method has excellent performance when the segmenta-
tion process is accurate, since in this case we take advantage of
very important information contained in the model (both topo-
logical and geometrical). This depends mainly on the usage of
the medial surface and the segmentation rules which were in-
troduced in this paper and improve significantly this process,
and of course on the shape of the 3-D model. In case a 3-D
model produces only one segment or a big number of segments,
the segmentation process does not take place. Instead, only the
super-ellipsoid approximation and the extraction of descriptors
based on the distance fields are used.

VIII. CONCLUSION

In this paper, a novel framework for partial and global 3-D
shape matching and retrieval was proposed, which relies almost
equally on the topology and the geometry of the object. A novel
3-D segmentation algorithm was introduced as an extension of
the medial surface segments in order to extract the meaningful
object parts. Every part was then approximated with a superel-
lipsoid and the novel 3-D DFD which is invariant under 90 de-
gree rotations around axis and , was computed. During
the matching process, performed in pairs, firstly an attributed
graph-matching algorithm was utilized, using as attributes local
geometrical features. Finally, a dissimilarity metric, which ef-
ficiently combines the results of the graph-matching procedure
and the distance between more complex geometrical features is
computed.

The framework is suitable for both partial and global
matching, as it is figured in the presented experimental results.
The main contributions of the proposed framework are:

• a medial surface based segmentation method is introduced,
based on the segments of the medial surface;

• a novel compact descriptor, the 3-D DFD, which is in-
variant under 90 degrees rotation around axis or , is
introduced;

• a main advantage of the proposed framework, derives from
the non np-complete graph-matching algorithm utilized,
which permits one-to-one association between segments
for further matching;

• the proposed framework is among the first ones which per-
forms both partial and global matching at the same time, re-
lying almost equally on both topological and local geomet-
rical features, while the majority of the methods are based
only either on geometry or on topology. Furthermore, the

local geometric descriptor can be changed or enhanced by
any other global descriptor extraction method, which can
be applied separately on every segment.
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